Abstract. We extend the Heegaard Floer homological definition of algebraic torsion (AT ) for closed contact 3-manifolds due to Kutluhan et al. to contact 3-manifolds with convex boundary. We show that the AT of a codimension zero contact submanifold bounds the AT of the ambient manifold from above. As the neighborhood of an overtwisted disk has algebraic torsion zero, we obtain that overtwisted contact structures have vanishing AT . We also prove that the AT of a small perturbation of a 2π Giroux torsion domain has AT at most two, hence any contact structure with positive Giroux torsion has AT at most two (and, in particular, a vanishing contact invariant).
Introduction
Algebraic torsion of closed contact (2n − 1)-manifolds was defined by Latschev and Wendl [LWH] via symplectic field theory. It is an invariant with values in N ∪ {∞} whose finiteness gives obstructions to the existence of symplectic fillings and exact symplectic cobordisms. They also showed that the order of algebraic torsion is zero if and only if the contact homology is trivial -in particular, if the contact structure is overtwisted -and it has order at most one in the presence of positive Giroux torsion. Note that the analytical foundations of symplectic field theory are still under development. Hence, in the appendix, Hutchings provided a similar numerical invariant for contact 3-manifolds via embedded contact homology, however, it is currently unknown whether this is independent of the contact form.
Motivated by the isomorphism between embedded contact homology and Heegaard Floer homology, Kutluhan et al. [KMVW1, KMVW2] defined a Heegaard Floer homological analogue of algebraic torsion for closed contact 3-manifolds. Their definition uses open book decompositions, and gives a refinement of the Ozsváth-Szabó contact invariant c(ξ). Using the fact that an overtwisted contact structure is supported by an open book with non right-veering monodromy, they proved that AT (M, ξ) = 0 if ξ is overtwisted.
In this paper, we extend AT to contact manifolds with convex boundary, following the definition of Kutluhan et al. in the closed case. The definition is in terms of a partial open book decomposition of the underlying sutured manifold supporting the contact structure, and a collection of arcs of the page, containing a basis. This data gives rise to a filtration of the sutured Floer boundary map, and the algebraic torsion is the index of the first page of the associated spectral sequence where the distinguished generator representing the contact invariant vanishes, or ∞ otherwise. Then we take the minimum over all collections of arcs containing a basis and partial open books. (This extension of the definition of AT was also independently observed by Kutluhan et al. [KMVW2] .)
Our first main result is that the algebraic torsion of a codimension zero contact submanifold gives an upper bound on the algebraic torsion of the ambient manifold. Theorem 1. Let (M, ξ) be a contact 3-manifold with convex boundary, and (N, ξ| N ) is a codimension zero submanifold of Int(M ) with convex boundary. Then AT(N, ξ| N ) ≥ AT (M, ξ).
We will prove this result in Section 3. As a corollary, we show that if a contact manifold with convex boundary is overtwisted, then it has algebraic torsion zero. This follows immediately from a simple computation that a neighborhood of an overtwisted disk has algebraic torsion zero.
In Section 4, we carry out a computation that shows that the algebraic torsion of a slight enlargement of a Giroux 2π-torsion T 2 × I has algebraic torsion at most two. In particular, every contact manifold with positive Giroux torsion has vanishing Ozsváth-Szabó invariant, which was proved in the closed case by Ghiggini et al. [GHV] , modulo the issue of defining canonical orientation systems in sutured Floer homology. Together with Theorem 1, we obtain the following corollary.
Theorem 2. If a contact 3-manifold (M, ξ) with convex boundary has Giroux 2π-torsion, then
The inequality AT ≤ 1 was shown in the closed case by Latschev and Wendl [LWH, Theorem 2] via symplectic field theory, and conjectured in the Heegaard Floer setting in the closed case by Kutluhan et al. [KMVW2, Question 6.3] . More generally, they asked whether the presence of planar k-torsion (see [LWH, Section 3 .1] for a definition) implies that the order of the algebraic torsion is at most k.
Algebraic torsion for manifolds with boundary
We first recall the Heegaard Floer homological definition of algebraic torsion for closed contact 3-manifolds due to Kutluhan et al. [KMVW2] . Let (M, ξ) be a closed contact 3-manifold. By the Giroux correspondence theorem [Gi] , the contact structure ξ is supported by some open book decomposition of M , which is well-defined up to positive stabilizations. Choosing any compatible open book (S, φ) and a pairwise disjoint collection of arcs a on S that contains a basis induces a multi-pointed Heegaard diagram (Σ, α, β, z) of M . Here, an arc basis is a set of pairwise disjoint properly embedded arcs on S that forms a basis of H 1 (S, ∂S), and z consists of one basepoint in each connected component of S \ a. We obtain b by isotoping a such that the endpoints of a are moved in the positive direction along ∂S, and each component of a intersects the corresponding component of b positively in a single point. Then we set Σ = (S × {1/2}) ∪ ∂S (−S × {0}), and let
We say that a domain D in the diagram (Σ, α, β, z) connects x, y ∈ T α ∩ T β if ∂(∂D ∩ α) = x − y and ∂(∂D ∩ β) = y − x, and we denote by D(x, y) the set of such domains. Using this Heegaard diagram, Kutluhan at al. [KMVW2] defined a function J + that assigns an integer to every domain D ∈ D(x, y), as follows:
Here, n x (D) is the sum over all p ∈ x of the averages of the coefficients of D at the four regions around p, the term e(D) is the Euler measure of D, and |x|, |y| are the number of cycles in the elements of the permutation group S n associated with x and y, respectively. When D is a domain of Maslov index 1, the equality e(D) = 1 − n x (D) − n y (D) holds by the work of Lipshitz [Li] , so the formula becomes J + (D) = 2(n x (D) + n y (D)) − 1 + |x| − |y|. For any topological Whitney disk C ∈ π 2 (x, y), we can define J + (C) as the value J + (D(C)), where D(C) is the domain of C. The function J + is additive in the sense that
for every D 1 ∈ D(x, y) and D 2 ∈ D(y, z). Furthermore, J + (C) is always a nonnegative even integer for any J-holomorphic disk C. Hence, we have a splitting
of the Heegaard Floer differential ∂ HF , where ∂ i is defined by counting all J-holomorphic disks C satisfying µ(C) = 1 and J + (C) = 2i. As shown in [KMVW2] , this gives a spectral sequence
induced by the filtered complex
where ∂ is the differential defined as
for c i ∈ CF (Σ, β, α) i , and the filtration is given by
Note that here we deviate slightly from the definition of Kutluhan et al. [KMVW2] in that we take the direct sum defining C over N instead of Z, but as we shall see, the arising notion of algebraic torsion is exactly the same.
Recall that a filtered complex
induces a spectral sequence by setting
For an open book decomposition (S, φ) supporting ξ, and a collection of arcs a on S containing a basis, we denote the induced spectral sequence defined above by E n (S, φ, a). Then note that, for
Recall that the contact element is defined as
As there are no non-trivial pseudo-holomorphic disks emanating from EH (ξ) in (Σ, β, α) that contribute to ∂ HF , it follows that ∂ k EH (ξ) = 0 for every k ∈ N. We often view EH (ξ) as an element of C supported in degree zero; i.e., as a sequence
, and zero in E k+1 (S, φ, a). Then we define the algebraic torsion of (M, ξ) as
Implicit in the above definition is the choice of an almost complex structure J on Sym g (Σ). It was shown by Kutluhan et al. [KMVW2, Proposition 3 .1] that AT (S, φ, a, J) is independent of J, hence we suppress it from our notation throughout.
Remark. The contact element EH (ξ), viewed in degree zero, vanishes in E k+1 (S, φ, a) if and only if it is contained in
This holds precisely if there exist elements
Indeed, if we set c i = 0 for i > k, then the entries of ∂(c i ) i∈N correspond to the left-hand side of equation (2.1), and so this equation translates to ∂(c i ) i∈N = (d j ) j∈N , where d 0 = EH (ξ) and d j = 0 for j > 0. As equation (2.1) coincides with the one defining B k (S, φ, a) in [KMVW2, p5] , it follows that it does not matter whether we take the direct sum over N or Z when we define AT .
Before extending this definition to manifolds with boundary, we first review the definition of partial open book decompositions, introduced by Honda, Kazez, and Matić [HKM1] . We follow the treatment of Etgu and Ozbagci [EO] . An abstract partial open book decomposition is a triple P = (S, P, h), where
• S is a compact oriented connected surface with nonempty boundary, • P = P 1 ∪· · ·∪P r is a proper subsurface of S such that S is obtained from S \ P by successively attaching 1-handles P 1 , . . . , P r , • h : P → S is an embedding such that h| A = Id A , where A = ∂P ∩ ∂S.
Given a partial open book decomposition (S, P, h), we associate to it a sutured 3-manifold (M, Γ), as follows. Let H = S × [−1, 0]/ ∼, where (x, t) ∼ (x, t ) for every x ∈ ∂S and t, t ∈ [−1, 0]. Furthermore, let N = P × I/ ∼, where (x, t) ∼ (x, t ) for every x ∈ A and t, t ∈ I. We obtain the manifold M by gluing (x, 0) ∈ ∂N to (x, 0) ∈ ∂H and (x, 1) ∈ ∂N to (h(x), −1) ∈ ∂H for every x ∈ P . The sutures are defined as
is a Heegaard surface for (M, Γ). Let ξ be a contact structure on M such that ∂M is convex with dividing set Γ. Similarly to the original Giroux correspondence, we say that ξ is compatible with the partial open book decomposition (S, P, h) if
• ξ is tight on the handlebodies H and N , • ∂H is a convex surface with dividing set ∂S × {0}, • ∂N is a convex surface with dividing set ∂P × {1/2}. Then the relative Giroux correspondence theorem says that ξ is uniquely determined up to contact isotopy, and given such a contact structure ξ, any two partial open book decompositions compatible with ξ are related by positive stabilizations.
We now extend the definition of algebraic torsion to manifolds with boundary. Suppose that a contact 3-manifold (M, ξ) with convex boundary ∂M and dividing set Γ is given. Then (M, Γ) is a balanced sutured manifold if M has no closed components. Indeed, every convex surface has a non-empty dividing set, and χ(R + (Γ)) = χ(R − (Γ)) by [Ju2, Proposition 3.5]. Then we have a compatible partial open book decomposition P = (S, P, h). An arc basis for (S, P, h) is a set a of properly embedded arcs in P with endpoints on A such that S \ a deformation retracts onto S \ P . Similarly to the closed case, a partial open book decomposition of M , together with a parwise disjoint collection of arcs a containing a basis and an appropriate choice of basepoints, gives a multipointed sutured Heegaard diagram (Σ, α, β, z) of (M, Γ). Here, z consists of a basepoint in each component of P \ a disjoint from ∂P \ ∂S.
The differential ∂ SFH of the sutured Floer chain complex counts the number of J-holomorphic curves C with µ(C) = 1, modulo the R-action, that do not intersect the suture Γ = ∂Σ. For any topological Whitney disk C from x ∈ T α ∩ T β to y ∈ T α ∩ T β that does not intersect ∂Σ, we define the number J + (C) as in the closed case by
when µ(C) = 1. As in the closed case, the function J + is clearly additive, and the same argument as in [KMVW2, Section 2.2] shows that it is a non-negative even integer. Hence, we can split the sutured Floer differential ∂ SFH as
where ∂ r counts J-holomorphic curves C with µ(C) = 1 and J + (C) = 2r. Just like in the closed case, the pair r∈N CF (Σ, β, α, z) r , ∂ , where the map ∂ is defined as
is a filtered chain complex. Using its induced spectral sequence, we can define the algebraic torsion of (M, ξ) in the following way.
Definition 2. For a contact 3-manifold (M, ξ) with convex boundary, a compatible partial open book decomposition P, and a pairwise disjoint collection of arcs a containing an arc basis, denote the induced spectral sequence by E n (P, a). We say that AT (P, a) = k if the contact class EH (ξ) ∈ CF (Σ, β, α, z) 0 in degree 0 remains nonzero in E k (P, a), but vanishes in E k+1 (P, a). Then we define AT (M, ξ) = min {AT (P, a) : P is compatible and a contains a basis} . This is always a nonnegative integer.
Remark. Given a closed contact 3-manifold (M, ξ), the contact manifold (M (1), ξ) is obtained by removing a tight contact ball from M . The suture on ∂M (1) S 2 is a single curve. Then it follows from the above definition that AT(M (1), ξ) = AT(M, ξ).
Inequality of algebraic torsions
The goal of this section is to prove Theorem 1 from the introduction. Let (M, ξ) be a contact 3-manifold with convex boundary and dividing set Γ M , and let N be a codimension zero submanifold of Int(M ), also with convex boundary and dividing set Γ N . We can suppose that M \ N has no isolated components; i.e., every component of M \N intersects ∂M . Indeed, removing a tight contact ball from each isolated components leaves AT unchanged.
We now briefly recall the construction of the contact gluing map Φ on sutured Floer homology, defined by Honda, Kazez, and Matić [HKM1] . Choose a tubular neighborhood U ∂N × R of ∂N , on which the contact structure ξ becomes R-invariant, and write N = M \ (N ∪ U ). Let Σ N be a Heegaard surface compatible with ξ| N , and let Σ U be a Heegaard surface compatible with ξ| U . Then, for any sutured Heegaard diagram H = (Σ, β, α) of (N, Γ N ) that is contact-compatible near ∂N in the sense of Honda et al. [HKM1] , Σ ∪ Σ U ∪ Σ N is a Heegaard surface for (M, Γ M ), and we can complete α and β to attaching sets of (M, Γ M ) by adding α and β compatible with ξ| N ∪U . We write
is a chain map, where x ∈ T β ∩ T α is the canonical representative of the contact class EH(ξ| N ∪U ). Note that this construction makes sense even if we replace Heegaard diagrams by multipointed Heegaard diagrams Suppose that we choose the diagram (Σ, β, α) to be the one induced from a partial open book decomposition P N = (S N , P N , h N ) of (N, ξ| N , Γ N ), together with a choice of an arc basis a N . Then, since ξ| N and ξ| U come from the same contact structure ξ, it is automatically contact-compatible near ∂N , which in turn implies that the map Φ above is well-defined when we use this diagram. Also, it obviously maps the contact class of N to the contact class of M . Note that this construction of Honda et al. [HKM1] actually gives a partial open book P = (S, P, h) and an arc basis a that extends P N and a N , respectively. Now consider the case when a N is not an arc basis, but a pairwise disjoint collection of arcs that contains an arc basis. Then we need to choose basepoints z such that every connected component of P N \ ∪a N that does not intersect ∂P N \ ∂S N has exactly one basepoint. The gluing process can be applied to this case without modifications, to get a pairwise disjoint collection of arcs a in P .
After gluing, every connected component of P \ ∪a disjoint from ∂P \ ∂S contains exactly one basepoint, since such a component must come from P N \ ∪a N , and other components do not contain a basepoint. Hence, the data (P, a, z) satisfies the conditions needed to define its AT . The proof of the fact that the gluing map is a chain map between Floer chain complexes [HKM1] also applies to this case without further modifications, by the same reason.
Lemma 3. Let Φ be as above. Then the map Φ :
defined by Φ ((c i ) i∈N ) = (Φ(c i )) i∈N is a filtered chain map, hence induces a morphism (Φ r ) r∈N of spectral sequences; i.e., Φ 0 = Φ, and
is a chain map for every r ∈ N such that the map induced on homology is Φ r+1 .
Proof. Let y, z ∈ T β ∩ T α . Any holomorphic disk C from (y, x ) to (z, x ) in CF (H ) is actually a holomorphic disk from y to z in CF (H); i.e., its domain D := D(C) is zero outside Σ, see [HKM1] . Since the Euler measure and the point measure of D depend only on the non-zero coefficients, the Maslov index of C in H and in H are the same. Suppose that µ(C) = 1. Then, in H , we have
This is the same as the value of J + (C) in H. Hence Φ preserves the J + filtration. Now, by the definition of the differential ∂ r , the map Φ commutes with ∂ r for all r ∈ N. Hence, it commutes with the total differential ∂, and so Φ is a filtered chain map. Therefore Φ induces a morphism (Φ r ) r∈N between the corresponding spectral sequences.
Proof of Theorem 1. Since Φ(EH (ξ| N )) = EH (ξ), Lemma 3 implies that
Taking the minimum of over all possible choices of (P N , a N ), we get that
as required.
Calculation of upper bounds to some algebraic torsions
Let (M, ξ) be a contact 3-manifold with convex boundary. Suppose that (M, ξ) is overtwisted. Then, by definition, it contains an embedded overtwisted disk ∆. This has a standard neighborhood; i.e., there exists a neighborhood U ⊃ ∆ such that (U, ξ| U ) is contactomorphic to a neighborhood of the disk ∆ std = {z = 0, ρ ≤ π} inside the standard overtwisted contact structure on R 3 , which is defined as follows [El] :
ξ OT = ker(cos ρ dz + ρ sin ρ dφ). Inside U , we can perturb ∆ to a convex surface D. proven by Kutluhan et al. [KMVW1] in the closed case using the fact that an overtwisted contact structure admits an open book whose monodromy is not right-veering. We now consider the case when (M, ξ) has Giroux 2π-torsion. Recall that a contact manifold (M, ξ) has 2π-torsion if it admits an embedding
The boundary of (M 2π , η 2π ) is not convex. However, as in [GHV, Lemma 5] , if it embeds in (M, ξ), then there exist small 0 , 1 > 0 such that the slightly extended domain
also embeds inside (M, ξ) such that T 2 × {− 0 } and T 2 × { 1 } are pre-Lagrangian tori with integer slopes s 0 and s 1 that form a basis of H 1 (T 2 ). By the work of Ghiggini [Gh] , we can perturb ∂M to get a new contact submanifold M such that ∂ M is convex, and the slopes of the dividing sets are s 0 and s 1 . After a change of coordinates in M , we can assume these slopes are 0 and ∞. The contact manifold M is non-minimally-twisting and consists of five basic slices, which means that we can construct a partial open book decomposition of it by attaching four bypasses to a partial open book diagram of a basic slice, which can be found in Examples 4, 5, and 6 of [HKM2] . The diagram we get is shown in Figure 4 .2. Applying the Sarkar-Wang algorithm [SW] to this diagram along the dotted arcs in Figure 4 .3 gives the one in Figure 4 .4. It is easy to check that every region that does not intersect the boundary is either a bigon or a quadrilateral. The contact element EH ξ| M is represented by the unordered tuple (x 1 , y 1 , z 1 , w 1 , v 1 ) . We now directly prove that the contact invariant of M is zero and calculate its algebraic torsion with respect to the given diagram, thus giving an upper bound on AT ( M ).
If Q is a quadrilateral component of Σ\(α∪β) disjoint from ∂Σ with corners c 1 , c 2 , c 3 , c 4 ∈ α∩β, then we say that c 1 , c 3 are its from-corners and c 2 , c 4 are its to-corners if
For any generator (c 1 , c 3 , . . . ) ∈ T α ∩ T β , the coefficient of (c 2 , c 4 , . . . ) in the boundary ∂(c 1 , c 3 , . . . ) is the number of such quadrilaterals.
Since the only quadrilateral whose to-corners are in {x 1 , y 1 , z 1 , w 1 , v 1 } is y 1 y 2 z 1 z 2 , we get that
where the last term comes from the bigon y 2 y 3 . This quadrilateral and bigon are shaded grey in Figure 4 .4. The only quadrilateral whose to-corners are in {x 1 , y 2 , z 2 , w 1 , v 1 } is x 1 x 2 y 3 y 4 , and we have that
where the last term comes from the bigon x 2 x 3 . This quadrilateral and bigon are shaded pink in Figure 4 .4. The only quadrilateral whose to-corners are in {x 3 , y 4 , z 2 , w 1 , v 1 } is x 3 x 4 w 1 w 2 , and we have that
where the last term comes from the bigon x 4 x 5 . This quadrilateral and bigon are shaded light blue in Figure 4 .4. The only quadrilateral whose to-corners are in {x 5 , y 4 , z 2 , w 2 , v 1 } is x 5 x 6 z 2 z 3 , shaded green in Figure 4 .4, and we have that ∂(x 6 , y 4 , z 3 , w 2 , v 1 ) = (x 5 , y 4 , z 2 , w 2 , v 1 ) + (x 9 , y 1 , z 3 , w 2 , v 1 ), where the last term comes from the quadrilateral x 6 x 9 y 4 y 1 .
The only quadrilateral whose to-corners are in {x 9 , y 1 , z 3 , w 2 , v 1 } is y 1 y 15 z 3 z 2 , and we have that ∂(x 9 , y 15 , z 2 , w 2 , v 1 ) = (x 9 , y 1 , z 3 , w 2 , v 1 ) + (x 9 , y 14 , z 2 , w 2 , v 1 ),
where the last term comes from the bigon y 15 y 14 . This quadrilateral and bigon are shaded yellow in Figure 4 .4. The only quadrilateral whose to-corners are in {x 9 , y 14 , z 2 , w 2 , v 1 } is y 14 y 13 v 1 v 2 , and we have that ∂(x 9 , y 13 , z 2 , w 2 , v 2 ) = (x 9 , y 14 , z 2 , w 2 , v 1 ) + (x 9 , y 12 , z 2 , w 2 , v 2 ), where the last term comes from the bigon y 13 y 12 . This quadrilateral and bigon are shaded blue in Figure 4 .4. Finally, the only quadrilateral whose to-corners are in {x 9 , y 12 , z 2 , w 2 , v 2 } is y 12 y 11 w 2 w 3 , shown in red, and we have that ∂(x 9 , y 11 , z 2 , w 3 , v 2 ) = (x 9 , y 12 , z 2 , w 2 , v 2 ).
Hence, ∂((x 1 , y 2 , z 2 , w 1 , v 1 ) − (x 2 , y 4 , z 2 , w 1 , v 1 ) + (x 4 , y 4 , z 2 , w 2 , v 1 ) − (x 6 , y 4 , z 3 , w 2 , v 1 ) +(x 9 , y 15 , z 2 , w 2 , v 1 ) − (x 9 , y 13 , z 2 , w 2 , v 2 ) + (x 9 , y 11 , z 2 , w 3 , v 2 )) = (x 1 , y 1 , z 1 , w 1 ), which is exactly EH ξ| M . Thus c ξ| M = 0, so the algebraic torsion of M is finite.
Remark. This result, together with the gluing map of [HKM1] , gives an explicit computational proof of the fact that the contact invariant of any contact 3-manifold with Giroux 2π-torsion vanishes, which was proven in the closed case by Ghiggini, Honda, and Van Horn-Morris [GHV] modulo canonical orientation systems in SFH .
Remark. In [HKM2, ], Honda et al. show that if we only attach four bypasses to a basic slice; i.e., if the contact structure is minimally twisting, then the contact invariant is non-zero because it embeds in the unique Stein fillable contact structure on T 3 , which already has non-zero contact invariant. This can also be shown explicitly using a computation analogous to, but simpler than the one above. Hence, it is necessary to enlarge the Giroux 2π-torsion domain a bit to obtain vanishing of the contact element.
Proposition 6. For the perturbed Giroux 2π-torsion domain M , we have
Proof. The complete list of the J-holomorphic disks used in the calculations above and the values used to compute their J + are given in the table below. If we label the α-and β-curves such that x 1 ∈ α 1 ∩ β 1 , y 1 ∈ α 2 ∩ β 2 , z 1 ∈ α 3 ∩ β 3 , w 1 ∈ α 4 ∩ β 4 , and v 1 ∈ α 5 ∩ β 5 , then x 1 , x 9 , y 4 , y 16 ∈ β 1 , x 6 , y 1 , z 2 ∈ β 2 , z 1 , x 2 , x 3 , y 2 , y 3 , y 11 , w 2 ∈ β 3 , x 4 , x 5 , y 14 , y 15 , z 3 , w 1 , v 2 ∈ β 4 , y 12 , y 13 , w 3 , v 1 ∈ β 5 .
Furthermore, x i ∈ α 1 , y i ∈ α 2 , z i ∈ α 3 , w i ∈ α 4 , and v i ∈ α 5 for any i. Note that if there is a bigon connecting x, y ∈ T α ∩ T β , then |x| = |y|. Using this,
From the table below, we see that every J-holomorphic disk φ used to compute the differential satisfies J + (φ) ≤ 2; cf. For simplicity, we will write (i, j, k, l, m) for the generator (x i , y j , z k , w l , v m ). Then let b 0 = (1, 2, 2, 1, 1) + (2, 4, 2, 1, 1) + (4, 4, 2, 2, 1) + (6, 4, 3, 2, 1) + (9, 15, 2, 2, 1) + (9, 13, 2, 2, 2), b 1 = (6, 4, 3, 2, 1) + (9, 15, 2, 2, 1) + (9, 13, 2, 2, 2) + (9, 11, 2, 3, 2), and As an immediate corollary, we obtain Theorem 2 from the introduction.
Corollary 7. If a contact 3-manifold (M, ξ) with convex boundary has Giroux 2π-torsion, then AT (M, ξ) ≤ 2.
Proof. If the Giroux 2π-torsion domain M 2π embeds in M , then the perturbed domain M also embeds in M , by the argument outlined at the beginning of this section. Then Theorem 1 and Proposition 6 imply that AT (M, ξ) ≤ AT M , ξ| M ≤ 2.
Open questions
We raise some questions that naturally arise from the discussions above. First, as in the case of closed contact 3-manifolds, we would like to know how the algebraic torsion AT (P, a) depends on the choice of partial open book decomposition P and arc system a.
Remark. Given two possible choices of partial open book decompositions (P, a) and (P , a ) for a given contact 3-manifold (M, ξ) with convex boundary, it is natural to ask whether AT (P, a) = AT (P , a ). In the closed case, according to Kutluhan et al. [KMVW2] , the number AT (S, φ, a) does not depend on the isotopy class of the arc basis a, but if two arc bases differ by an arc-slide, the corresponding values of AT might not be the same. Since our definition of AT is a direct generalization of the original one, the same holds in our case. Now, given the inequality AT (N, ξ| N ) ≥ AT (M, ξ), whenever (N, ξ| N ) is a compact codimension zero submanifold of (M, ξ) with convex boundary, we are led to the following question.
Question 1. If a contact 3-manifold (N, ξ) with convex boundary satisfies AT (M, ξ M ) ≤ k for every closed contact 3-manifold (M, ξ M ) in which (N, ξ) embeds, do we have AT (N, ξ) ≤ k?
An affirmative answer to Question 1 would imply that the inequality AT (N, ξ| N ) ≤ AT (M, ξ) is sharp and cannot be improved without giving extra conditions even when M is assumed to be closed. We can ask the following question regarding the algebraic torsion of planar torsion domains.
Question 2. Is there a way to prove that the AT of a Giroux torsion domain is at most 1, instead of 2?
The upper bound to the algebraic torsion of a Giroux torsion domain is predicted to be 1 by [KMVW2, Question 6.3] , since a Giroux torsion domain is a planar torsion domain of order 1. However, our computation only allows us to prove that it is at most 2. If the above question has an affirmative answer, then we must be able to prove it via explicit computation by starting from a complete system of arcs, and then duplicating the arcs, one by one. The problem is that the resulting diagram is too large for practical computation by hand.
Finally, probably the most interesting question in this area is whether the converse of Theorem 5 holds, analogously to [KMVW2, Question 6 .1].
Question 3. If AT (M, ξ) = 0, then does this imply that ξ is overtwisted?
